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Supplementary Notes

1 Assortative mating and the joint distribution of causal variants;

previous results

Here we briefly introduce the model of assortative mating (AM) on a quantitative trait first introduced in

by Fisher in the early twentieth century' and later developed with greater rigor by a number of quantitative

3,4,5,6

geneticists”? "7, Results, all of which are presented directly in Nagylaki® or, in light of a few additional

assumptions, are immediate corollaries thereof, are stated without proof.



1.1 Quantitative genetic model and notation

Consider a phenotype Y with zero expectation influenced by m standardized diploid causal SNP loci { 25} ,,

Y =) Ziy + E, (1)
k=1
ENN(O7O-§), (2)

where E represents the non-heritable component of Y and is assumed to be independent of the genotypes.
“Standardization” here is with respect to the variance of a diploid biallelic genotype under Hardy-Weinberg
equilibrium (HWE). Thus, standardized genotypes at polymorphic loci not in HWE will not have unit

variance.

As in", we assume that the vector of allele substitution effects @ is such that 0370 = a’a, D oplr = 0.
We will make the additional assumption that the allelic substitution effects are uniformly bounded in that
there exists 0 < ¢ < oo such that, for all m, maxg=1 |Gk < c- m~/2_ In other words, for increasingly
polygenic traits, effect sizes remain commensurately small. At each locus, define the diploid genic value as
as Zp = Zpug, k =1,...,m. Each Z; can be represented as the weighted sum of two haploid genic values
Zp =27Y2(H +H?) = 27V2(HL +H2)iy, k = 1,...,m. For the sake of cleaner notation, we will sometimes
singly index haploid genic values {Hi}{%ﬁi as {Gk}i<k<om such that G, = H %,j/;ﬁ (where ko denotes k
mod 2), and proceed analogously for genotypes Gy such that Gyuy = H};/E;‘ﬂ[k/gw = 7—[};/% U

Each causal haploid genotype Hj has been standardized such that E[H] = 0, Var(Hy) = 1. The same is
true of each Z; when when ’r'-l,l€ and Hz are independent as under random mating (i.e., under Hardy-Weinberg

equilibrium). Thus, the initial genetic variance of Y is simply

Var (Z zkak> =" =0l (3)
k=1

We can thus write the phenotype in terms of the genic values or genotypes in multiple ways:

Y = Zz;l Ziy+FE = ZZLZI Zruy + F
= % Zi’;ﬁ Gy +E = % Zizl Grup + E (4)
= Glam(H +H)+E = 5500 (M + HY)un + B

The haploid genic values follow a multivariate distribution such that, for all k,

E[Zy] = E[Gx] = E[Hy] = E[H{] = 0, (5)

E[2:] = E[Gx] = E[H;] = E[H}] =0, (6)



Var(Zy)i—o = Var(Ga) = Var(H,i) = Var(H,f) = ﬂi, (7)

Var(Z)i=o = Var(Gr) = Var(H;) = Var(H;) = 1, (8)

and
Ex[Var(Zy)i—o] = Ex[Var(Gg)] =--- = 0370/77% (9)
]Ek[Var(Zk)t:o] = Ek[Var(gk)] == 1, (10)

where E[-] denotes the average over loci (i.e., expectation with respect to the probability measure assigning
equal probability to each causal locus). The qualification that the above holds for diploid quantities only
at generation zero reflects the fact that the univariate marginal distributions of haploid quantities are time-
invariant whereas diploid quantities are subject to departures from Hardy-Weinberg equilibrium.

’ITL

When all of haploid genic values {Gy};", are independent, as is expected for unlinked loci under random

mating, the variance of the phenotype is simply

Var(Y l ZG2 (11)

= 03,0 + 02 (12)

On the other hand, if the genic values {Gj}?™, have non-zero second moments, the total variance is

Var(Y) = — Z GkGl

kll

1
= upuCorr(GLG)) + o2. 13
2 €

k=1

2m

For the special case where the allelic substitution effects u; and the correlation among haploid genic values

are the same for all 4,7, k,1, i # j V k # [ (i.e., for exchangeable loci), Corr(Hj, Hlj) = u, we have
2m

Var(Y Z upuy + (1 — Z + o2 (14)
kl 1 k=1

2
=2u <Z um> (1—p) 03)0 + o2 (15)

=021+ (2m— 1)) + 02 (16)



1.2 Causal variant dynamics across generations

Let Y*, Y** and Y and denote the respective phenotypes of parent-parent-offspring trio and similarly denote

related quantities. Index generations with ¢ € Z* and define the following parameters:

o Uy = Corr(H,i7t,H127t) = Corr(H,f,t,Hl{t), k,l € {1,...,m}, the correlation between haploid genic

values on uniting gametes at generation ¢ (within either parent),

o Kpit = C’orr(H,%)t,Hll)t) = Corr(H,%)t,le)t), k,l € {1,...,m}, the correlation between haploid genic

values within either parent on the same gamete at generation ¢ (note that for k =1, Kk = 1),

o Wkl = C’orr(Hi’ft,Hljj*) = Corr(H*, H*) kL€ {1,...,m}, i,j € {1,2}, the cross mate correlation

between haploid genic values at generation t,
o Yy ={Kkit + Lri}ri, the m x m covariance matrix for diploid genotypes {Z;}7%, at generation ¢,

e up = /Var(Gy), the time-invariant standard deviation of the k** haploid locus; because each Gy,
has unit variance, we have Ej[u?] = ag)o/m, and ulu = 20370; we also denote the k" diploid locus

standard deviation by @y = uy 2 with 'y = 0310,
o 02, =2""War( ¥ Gy) = @7 Ty, the genetic variance at generation ¢ given genotypes,
e 02 =Var(E), the time-invariant residual variance,

« 0., =0, + 02, the phenotypic variance at generation t,

2

v,

o h?= U;,t /O’;t, the heritability at generation ¢,

e 7 =Corr(Y*,Y**) € (0,1), the time-invariant phenotypic correlation between mates,

o covgy =27 Cou( i:l G, S Gr)= 27! 2,2!?21 U f[k /2] [1/2] 4> the genetic covariance between
mates at generation ¢,

2

g,t

rg.t =1 hZ, because corr (3. G5, > Gi*) = corr (3, G5, Y*) corr (Y*,Y**) corr (Y**,3 G5¥).

o Ty = covgy/o;,, the genetic correlation between mates at generation ¢. Note that we also have

At generation zero, we assume that causal variants are unlinked, i.e., that Krz10 = lri0 = 0, and at all
generations we assume that recombination is equally likely to occur or not to occur between causal loci.
Again following”, in an infinitely large population, a single generation of assortative mating yields the

following recurrence for correlations among haploid causal variants:

Lt = Mkii—1, (17)



1
Kkl = i(ﬁkl,t—l +lp—1) [E#+[k=1], (18)

such that ag ;= Zk = 1B + L) Uty = 4T Y 4. The above system approaches a stable equilibrium such

that

Kkloo = Lkl,co = Hkl,oo, fOr k # 1, (19)

gkk,oo = Hkk,c0- (20)

At this fixed point, we can write the equilibrium genetic variance in terms of the generation zero genetic

variance and the correlations among haploid effects, recalling that covg; = % Zi;il UKL /2][1/2] ¢

m
U;,oo = Z (Kl 00 + Cki,00 ) Ukl (21)
k,l=1
2m 2m
=000+ 5 Y UKUIHk2] (/200 — 3 D UK TR/21Tk/2] 50 (22)
k=1 k=1
=020+ (1 —m; " )eovg 0 (23)

where the effective number of loci is defined as
2m 2m
Me = | Y fiky2111/2].c0trtis | / (Z [irk /2] rkm,oouﬁ) (24)

k,l k=l

Defining @ = 1 — 1/m, we have that 03,00 = O‘Z’O + Q - covg o, noting that that ) — 1 as m. — co. We

assume that m, is large and replace () with the approximation @ =~ 1.

Using the relation pirx/2111/21,00 = TVk,00Vi,00 derived below, this assumption reduces to the assumption

2m

Z Vi, ooVl,coUk U] > Z Vk oouk (25)

or, equivalently, that

2m 2 2m
Z Uk ooVl,0oUkUl = v uuT vy, = (Z Vk Oouk> > Z (V,%,Ooui) . (26)
k,l k=1

Substituting via 74+ = covg /o2 ,, the equilibrium genetic variance for polygenic traits is approximated as

g,t



0% oo R 03’0(1 — Trg.00) L. Substituting 74 = rhZ,, the equilibrium heritability is then computed

h2 ~ 052;,0(1 - Thc%o)il
< T ) T o

(27)

In terms of the time-invariant phenotypic correlations between mates r = 74 o/ h2_, the equilibrium heri-

tability can be written

03,0(1 —rhZ,)!

h2 ~ 28
o2 (1=rh%)~t + o2 (28)

— hZ ~(2ro?)7! <0 +o Oi\/2—4r000+03+0370) (29)
= (2ro?)~! <a + O'g = O';l 47"0603 0) (30)

The upper root in this expression can be excluded because it is necessarily greater than or equal to
1, with equality only when » = 1. This can be shown from the following observation together with

\/(1 —h3) P —4arn2(1-h2) " > ’ (1—nd)" ' 2r|. Observing that 02o/02 =hi(o2 +074) /02 =hg/(1 -

h3), we can then write the equilibrium heritability in terms of the phenotypic correlation between mates and

the generation zero heritability:

h2, = (2r)~* ((1 —hg) ' - \/(1 — h3)=2 —4rh3(1 - hg)—l) : (31)

Similarly, the equilibrium genetic correlation between mates is

7’03,0(1 - rg,OO)_l

T ~
T og (=g e0)T 02

= Tgoo = (205)71 <o’§ + 03’0 - \/(2 —4r) 0303,0 +od+ O’;,O> (33)

s (a-m - m —amga - mp). (34)

Finally, the equilibrium variance is computed

a;oo ~ol+ 0370(1 —Tgo0) (35)
1—7rg00(1=h3)\
_ ( et 0 (36)

Further assumptions are required to make any explicit claims about the equilibrium values of the correlations

between haploid causal variants, fix;.00, k,0 = 1,...,m. As in’, we assume the regressions of individuals’



genetic scores on their phenotypes, and on their mates’ values, are linear:

2m 2m
E l2—1/2 S GYr| =hiyr,  E|27V2) GrYr| =rhiyr, (37)
k=1 k=1
and that the same is true of their individual haploid genic values:
E[Gi|Y*] = Vk,tukg;iY*7 (38)

where vy, denotes the correlation between the haploid genic value and the phenotype. At equilibrium, we
then have

E[GHY ] = mk,00un0y 5 Y . (39)

Thus, by conditional independence of mates’ genotypes, we have

i courur = E[GLGT™]
= E[E[GL Y™ |E[G] Y]]
= TUELUIVE, 00Vl 00

= Hkl,co = TVk,coVl,00-

We abuse notation here such that pi oo refers to iy 2111/21,00- Compute vy o as follows:

Vk,000y,00Uk = E[GLY] (44)
2m
= Z 2’1/2ukul]E[gkgl] (45)
1=1
2m
= Vkoo = 2_1/2uk0;}>0(1 — ru,%’oo) + 2_1/2ruk,000;éo Z 7RSS TTR (46)

=1

Now, writing

2m 2m
RLY =E [27'2Y Gy | =220, 1> v seu, (47)
=1 =1

yields h2, = o L 2712 37", 1) oy, which we then substitute into the previous expression to yield

2
UyaOO

—1 2 2
Vhoo = Ty (2/20r) <\/ B (1= rg )= (1 - rg,oo)> . (48)



Note that, under exchangeable loci, we then have vy oo = £vo for all k, which in turn implies that pg; . =
+rv2 = dpo for all k, 1, with sgn ik 0o = sgnugy;. That is, the equilibrium correlations between distinct

haploid loci are all of equal magnitude, which can be bounded as:

2m
1

COVg,00 = 3 Z Up U fhoo (49)

k=1
= 4m? (a;)O/Qm) Hoo (50)

2
T97000g [ee) —1

o = 475708 = O ™) 61

In the more general case, for a highly polygenic trait with fixed generation zero conditions, we can employ

—1/2 0 obtain a similar bound. The equilibrium correlations

our assumption that maxg—=1 |G| < c-m
between genic values are fi5; 0o = I'Vk 0oVl 00 Defining B = ukayféo = O(mfl/Q), we compute the equilibrium

correlation between mates’ haploid genic effects as

Hkl,co = TVk,coVl,00 52

—1
U;oo (2r2ukul) (\/(l—rg,oc)2+2uiro'?;(2x,—(l—rg,oo)) (\/(l—rgyco)2+2ul27“o';(2x,—(l—rg,oo))

(52)
(53)
= (226kB1) " (Ve 28— (1=ry ) (V=7 = P 72827~ (1=, ) (54)
(55)
(56)

53

=1 (1—71500) 2|8 + 0(B, ) 55

= |pkt,00] = O(m™). 56

2 is bounded independent of m via 74 o = ThZ,

The last statement follows from the fact that (1 — 7y o)~
with 7 € (0,1), h%, € [0,1]. In general, we can write the equilibrium covariance between diploid genotypes

as

Yoo ={Cov(Z, Zl)};'flzl (57)
14 rl/foo Symm
21U 00V2.00
- 1,002, (58)
2Tl/l,ooyﬂl,oo e 2ryﬂlflpoym,oo 1+ ry?n,oo
=D + 2¢¢7T, (59)

where ¢ = (\/TVk,00)7, and D = diag(l — ¢7)7 ;.



2 Assortative mating and the joint distribution of causal variants;

novel results

The results presented in the previous section characterize the first and second moments of causal variants
under AM but not moments of higher order. In this section, we employ tools from thermodynamics to
directly characterize the equilibrium joint distribution of causal variants and thereby obtain bounds for all
higher order moments in terms of the number of causal variants m. Then, based on said bounds, we extend
previous results in random matrix theory in order the characterize the limiting spectral distribution of a
class of covariance matrices generated from random matrices with dependent entries. Finally, we describe

the limiting spectral distribution of the genetic relatedness matrix (GRM) under AM.

2.1 A thermodynamic approach

At equilibrium, the variance and covariance of mates’ phenotypes are constant across generations. These
equilibrium values define the stationary dynamics of assortative mating, and they can be naturally expressed
in terms of energy functions suitable for analysis using tools from thermodynamics. This analysis yields a

complete characterization of the genetic distribution.

2.1.1 Energy functions and maximum entropy

Begin by defining energy functions

B (Y*,Y*) = —Y* (60)
By (Y, Y*) = —y*?2 (61)
By (Y*,Y™) = —Y*Y™. (62)

The intuition from thermodynamics is that states with lower energies are more likely. Thus E3 expresses
that mates’ phenotype are positively correlated. The signs for Fy, and E5 are counterintuitive, but it will
be seen below that a countervailing combinatoric effect in going from genotypes to phenotypes leads smaller
values of Y*2 and Y**2 to be more likely, as expected. For now, the signs of these functions can be thought

of as purely definitional.

In equilibrium, we have fixed values for the mean energies:

<E1> = _032/,oo
<E2> = _0'12/,00
(E3) = ’I“U;OO. (63)



Because the dynamics are determined fully at the phenotype level (macroscale), the equilibrium distribution
at the genotype level (microscale) will maximize entropy with respect to the macroscale constraints (i.e.,
Supplementary Equation (63)). Standard thermodynamic analysis thus implies the genotypes obey a Boltz-
mann distribution. This enables us to characterize exactly the joint genotypic distribution for mates, and

thereby to calculate arbitrary moments and other statistics.

2.1.2 The joint distribution of genotypes under simplifying assumptions

To simplify the initial analysis, take 02 = 0, and assume that all SNPs have a minor allele frequency (MAF)
of 1/2 and effects u; = 04,0/v2m. Thus G; = £1 and G; = +0,,0/v2m for all 7. Denote individuals genetic
scores by ¥ = 212;”1 G;, noting that, in this simplified case, Y = ¥.

The energy functions can be re-expressed as functions of microstates:

2m

By (G7,6") =-)_ G;G;.
ij=1
2m

ij=1

2m
E3(G°,G™) = - Y _ GiG;". (64)

ij=1

Standard thermodynamic analysis then yields the following Boltzmann distribution for mates’ genotypes:

P[G",G™] ocexp[~aBy (G7,G™) — BE2 (G7,G™) = 7E3(G7,G™)] (65)
2m 2m 2m

—exp @Y GG +BY GG+ ) GG . (66)
ij=1 ij=1 ij=1

The parameters «, 3, and -y are inverse temperatures, with values to be determined.

Mathematically, the inverse temperature parameters correspond to Lagrange multipliers for the hard con-
straints in Supplementary Equation (63). Typically, these parameters are solved for by substituting the
Boltzmann distribution back into the constraint equations (here three constraints for three unknowns). In
the present case, there are additional constraints from the assumption of genetic stationarity. Equilibrium

at the genetic level implies

E[0:6;] =E[0:6;"] =E[9:°G;"] (67)

for all ¢ # j (Section 1). This symmetry implies & = 8 and v = 2. In more detail, the exponent in
Supplementary Equation (66) can be written as G AG, where G is the concatenation of G* and G** and

the entries of A are all «, (3, or v/2. Supplementary Equation (67) implies symmetry under permutation

11



of the components of GG, which implies all off-diagonal entries of A must be equal. This strong symmetry
argument doesn’t hold once we allow heterogeneous allelic effects, but symmetry between the components
corresponding to G and G;*, and likewise between G and G, are sufficient to conclude a = § and v = 24.

Based on this symmetry argument, the genetic distribution reduces to

P[G*,G**] x exp (Z G* +ZG**> . (68)

All that remains to specify this distribution is to solve for 5. This is done by requiring the distribution at
the phenotype level to satisfy the constraints of Supplementary Equation (63).

2.1.3 The joint distribution of phenotypes under simplifying assumptions

We translate the microstate distribution in Supplementary Equation (68) to a macrostate distribution by
coarse-graining. For any value of Y, let ny be the corresponding number of positive alleles, [{i: G; = 1}|.

We have

Y = (ny — (2m — ny)) —22 (69)

E

and therefore

m Y
= 70
ny =m -+ 5} s (70)

The number of genotypes consistent with Y is thus

L@m+1) L2 |y —m)?
F(ny+1)F(2mny+1)N\/ﬁeXpl 1 (71)

The macrostate probabilities can then be obtained by multiplying the microstate probabilities by these

counts:
Py Yy*=]= Y >, PGGT] (73)
g*:g*:Y* g**:g**:Y**
22m Y*Z 22m Y**2 9
: LA Y* 4y } 74
X T | | e e |~ | e [+ Y) (74)
1
X exp K > Y*2 4+ <B - = > Y**2 4 23V FY (75)
20'9’0
Writing
r
= 76
s 205 0(1+7) (76)



and

0% oo = T2 (77)

we can re-express the phenotype distribution as

]P Y* Y** _ Y*2 Y**Q _ 2 Y*Y**
[Y*, Y]  exp —20%)00 = (Y*2 + T ) (78)
or equivalently
* ko 2 1 r
Y=y~ N 0,02 . (79)
r 1

Supplementary Equation (79) satisfies the constraints of Supplementary Equation (63). Notice that this
analysis also yields an expression for the equilibrium phenotypic variance in Supplementary Equation (77),
which was taken as fixed but unknown. Altogether there were four unknowns (a, ,’Y,U‘%’oo), and four
constraints from Supplementary Equations 63 and 67 (where E [G7Gr| = E [G;*G:*| are (E1) = (E3) are

redundant).

2.1.4 Stationarity

Also useful is to verify that the genetic distribution of Supplementary Equation (68) is stationary. Above we
used the equilibrium assumption for any two sites, but not for the joint distribution over the full genome.
For ease of notation, number loci so that {¢, m + i} form a diploid pair, and assume without loss of generality

that inherited alleles from each parent come from sites 1 through m:

G = (80)
Gi*,, 1>m.

Under these definitions, Supplementary Equation (68) can be rewritten as

2
P[G*,G""] o< exp (ZG + Z Gr + Z G**) , (81)

i=m-+1 1=m-+1

and therefore the marginal distribution for the offspring, G, is given by

P[]« > Y e (ZG+ 22% G; + % G**> . (82)

{Q }l — {g**}l _— i=m-+1 1=m-+1

13



On the other hand, the marginal distribution for one parent is given by

2m m 2m 2
PG o Y exp ﬁ(ZG;‘JrZG;‘*Jr > G:*) , (83)
i=1 =1

oy, =

which is equivalent to the previous expression under the change of variables
*72m K% MM K% 2M 5 2m *12m K%k 2m
(10 ¥ G AG Y i) = ({9 G 4G ) - (84)

In conclusion, the joint distribution of mates’ genotypes given by Supplementary Equation (68) (a) re-
produces the dynamics of assortative mating as captured in Supplementary Equation (63) (in particular
cor (Y*,Y**) = r), (b) is fully stationary, and (c) maximizes genotype-level entropy conditioned on the
constraints of the phenotype-level dynamics. Therefore Supplementary Equation (68) represents the ther-

modynamic equilibrium to which the population necessarily converges.

2.1.5 Extension to the general case

The above analysis made three simplifying assumptions: no environmental variance, all allele frequencies
are all 1/2, and homogeneous allelic effects (i.e., exchangeable loci). These must be removed to obtain a

complete model.

To include environmental variance, the above analysis can be applied to the genetic scores, 4 = >, G;, in
place of the phenotypes, Y. The expression for equilibrium phenotypic variance in Supplementary Equation
(77) becomes an expression for equilibrium genetic variance, with the phenotypic correlation (r) replaced by

the genetic correlation (74,00):

0.2

2 9,0
o = —. 85
oo = T (55)
Using the relationship
2
o
g,00
Tgoo =T—H5—", 86
9,0 o,g’oo+ag ( )

2

2 o and hZ,) as found by previous methods:

we can derive the same expression for ry o, (and hence o

Fpoo = 3 [(1 N IRV T P (87)

Substituting the genetic correlation for the phenotypic correlation in the expression for inverse temperature

14



in Supplementary Equation (76), we obtain

_ 1+42rh3 — /1 —4rh2 (1 — h2)

f 107, 2+ 12 — 1)

(88)
The analysis above did not explicitly constrain allele frequencies, but the symmetry of Supplementary Equa-
tion (68) under sign reversal (G — —G) implies all loci have minor allele frequencies (MAF) of 1/2. Arbitrary
frequencies values can be imposed by treating them as constraints in the entropy optimization problem, sup-
plementing Supplementary Equation (63). Writing p; as the MAF for site ¢ and continuing to code G; as +1

1S 1S Iore convenient and conventional 1mn € present Iramewor an standardizing Y; ), we have
this i ient and tional in th t f k than standardizing G h

These constraints manifest as additional terms in the Boltzmann distribution:

2m

2m 2
P[G*,G""] o exp B<ZGZ‘+ZGZ‘*) +D> NG +G)| (90)
i=1 =1 i

The A; coefficients are determined, together with 3, by solving for the values that lead the distribution to
satisfy Supplementary Equations (63) and (89). The system described by Supplementary Equation (90) is

an instance of a spin glass, or generalized Ising model.

Finally, allowing heterogeneous allelic effects, w;, further complicates determination of 8 and {A;}. The
counting strategy of Supplementary Equations (70) and (72) no longer applies, because the genotypes con-
sistent with a given genetic score no longer arise from a binomial distribution (because of heterogeneous
u;), and because they no longer all have equal energy (because of heterogeneous MAF or )\;). Nevertheless,
the expression for the genetic distribution in Supplementary Equation (90) is unchanged (only 5 and A; are

changed).

In summary, the complete characterization of the genetic distribution in the general case is given by Sup-
plementary Equation (90), with 8 and {);} determined by the constraints in Supplementary Equations (63)

and (89). The former constraint amounts to calculating the joint distribution of genetic scores,

IJARZIENEDY > P67, (91)

G Y Gr=9* G 3 Grr=4+~

2

5.00) and genetic correlation between mates (4,0 ),

using this distribution to calculate the genetic variance (o

and finally calculating the phenotypic correlation between mates:

2 2
- (092’“’ too) (92)
Ug,oo

15



2.2 Moment derivations

Assume a global distribution given by
Pr[G*,G"] o exp [6%2 + W] (93)

where & = > . Gju; and W = >, G;A;. Notice that we're concatenating (G*,G**) into a single vector G,

and similarly for ¢ and W, for economy of notation.

We have shown above that § is given by

5= L+ 2rh2 — /1 —4rh2 (1 — h3) (04)
B 402 5 (2 +rhg — h) '

The A parameters are unknown and will be approximated below, based on the constraint

E[Gi] = a- (95)

We will make repeated use of the following relation, for various X:

0 0 ZgXeXp [,Bfo—FW}
au = G Ty e (577 7 W] (96)
- Jox 6 Xa%i exp [6%2 + W] ¢ a%i exp [6%2 + W]
-F [&J DR (72 1 RS R S ey [/ 11 o7)
_E [gf } + 2BE[G:¥ X] — 28K [G:Y E [ X]. (98)

2.2.1 Deriving A from the first moment

Here we expand E[G;] in u;, holding fixed all other parameters (u_;, A, 8). We then solve for the value of \;
that yields ¢;.

Zeroth term:

_ Zgi Giexp [GiAi] Zgﬂ: exp [ﬂggz + Wfi]

E [gi]uizo - Zgi exp [gz)\z] Zgii exp [ﬂgzz + W,Z] (99)
= tanh );. (100)

First derivative:
2 Elg) = 20E (4] ~20B [GI|E(G). (101)
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At u; =0, G; is independent from G_;. Thus the first derivative becomes

0

E[G;] =28 (1 —tanh®> \,) E[9],, _,. (102)
B'U/iui:o v
Second derivative:
P p6)=28-L B[] - 28E(6.9) L E[G)] - 208 (6] L E (6] (103)
a'u,% E d_uZ ¢ dul ¢ ¢ dui ¢
=48°E [G.9°%] —4B°E[GI|E [¢°] + 86°E (G E[G:¥]" — 85°E [G:Y|E[4]. (104)
At u; = 0 this becomes
> E[G,] = —832tanh \; (1 — tanh? )\;) E [¢]° 105
e, [Gi] = —8B% tanh \; (1 — tanh™ \;) E[4];, _ . (105)

Therefore we have the expansion

E[G;] = tanh \; + 23 (1 — tanh® \;) E[9], _ u; — 48 tanh \; (1 — tanh® \;) E[9]7 _u? + O (uf) . (106)

ui:O

Next we expand E [¢] in terms of u;:

0
(91,61‘

E (4] =E[Gi] + 28E [G:¥?] - 2BE[G:H]|E[4]. (107)

At u; = 0 this becomes

1o} B _ | , ) ,
Ou; ui:OE [#] = tanh A; + 25 tanh A (]E K ]u,;:o k [g]u,;:0> . (108)

Therefore
E [g]uizo =E [g] — tanh \;u; — 28 tanh \; (E [gQ] ) [g]Q) u + O (ug) (109)

where we have dropped the u; = 0 conditions on the RHS and absorbed the resulting error into the O (uf)

term.

Substituting Supplementary Equation (109) into Supplementary Equation (106) yields

K2

E [G;] =tanh A; + 203 (1 — tanh? )\i) E[4])u; — 28 tanh \; (1 — tanh? )\i) u?

—4p%tanh \; (1 — tanh® \,) E [9°] u? + O (u]) . (110)
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Writing tanh A; = A 4+ Bu; + Cu? + O (u?) and substituting ¢; for E[G;] yields

g =0 (u}) + A+ (B+28 (1 - A*)E[¢]) w;

+ (C—4BABE (9] — 28A (1 — A%) —48%A (1 - A*)E [9%]) u} (111)
implying
A=q (112)
B=-23(1-¢})E[¥] (113)
C =28g; (1 - ¢2) +48%; (1 - ¢?) (E [¢%] - 2E[9]") (114)

and therefore

tanh \; = ¢; — 25 (1 — ) E[4] wi + 28¢; (1 — ¢} ) ui + 48%¢; (1 — ¢7) (E [%%] —2E [g]z) ui + 0 (uf) .

(115)
2.2.2 Second moments
Here we compute the second order expansion of he second moment in u; and u; about zero:
Zgi Giexp [GiAi] - Zgj Gjexp[G;A;] - Zgﬂ.j exp [ﬁgzij + W—ij]
E1GiG]l 4 ;=0 = 3 (116)
o Zgi €xp [gz)\z] ’ Zg]‘ €Xp [g])‘J] : Zg—i]‘ €xXp [Bg—ij + W*i]}
= tanh)\i tanh)\j, (117)
0
%E [G:G;] = B°E [G:G;9°%] — AB”E [G:G;] E [9°] + 8B°E [G,G;| E G:9)° - 88°E (G4 E [G,;%] o
v wi,u;=0 Ui, Uj=
(118)
= —86” tanh A, tanh \; (1 — tanh® \,) E 4], _, (119)
0 _ 2 2 2 2 2 2 2
el (1-EG.G]) + 45 (9] —4P°E[G:4)" ~ 45°E[G,9)]
+84°E [G:Y] E[G;9]E[G:G;] — 4B°E[G:G)1E [6:G,97] . . _o (120)
=243 (1 — tanh® \; tanh® ;) + 45° (1 — tanh® \; tanh® X;) E [9°]  _
+467 (2tanh® \; tanh® \; — tanh® \; — tanh® \)) E[9], |, _ . (121)
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We now have the following expansion of the second moment:
E[GiG;] =0 (u},u}) + tanh A; tanh \; + 25 tanh A; (1 — tanh® X)) E[#],, , _ous

+ 28 tanh \; (1 — tanh? )\j) E[¥4] uj — 4% tanh \; tanh Aj (1 — tanh? )\i) E [{4]2 u?

wi,u; =0 ui,u;=0 "

— 4% tanh \; tanh \; (1 — tanh? N)E [4)? 2428 (1— tanh? \; tanh? \; ;) win;

wi,uj=0 ]

+ 4% (1 — tanh® ), tanh® ;) E [%Z]U o Wil

2
+45% (2tanh? A; tanh? A; — tanh? \; — tanh® X;) E[9],, , _o wiu;. (122)
Generalizing the derivation of Supplementary Equation (109), we have

E[¥], ., _o =E[¥] — tanh Aju; — tanh \;u; — 253 tanh A, (E [¥?] - E [gf) u;

Ui U g

—28tanh s (E[92] —E[9]°) u; + O (uf,u3) . (123)
Substituting this into Supplementary Equation (122) yields

E [G;G;] = tanh \; tanh \; + 28tanh \; (1 — tanh® \;) E [¢] u; + 28tanh \; (1 — tanh® \;) E [¢] u;
— 2@ tanh A; tanh A; (1 — tanh? )\i) uf — 4% tanh )\, tanh Aj (1 — tanh? \ ) [%2]
— 2B tanh A; tanh A (1 — tanh? )\j) u2- — 4% tanh )\, tanh Aj (1 — tanh? )\j) E [%2] u2

+2ﬁ(1—tanh2)\)(1—tanh2)\ )uuj+462( tanhQ)\)(l—tanhz)\ )E[g ]uzuj—i—(?( uy, j)

(124)
Finally, substituting Supplementary Equation (115) yields
E[GiG;] = aiq; + (28 + 4B8°var (9)) (1 — ¢7) (1 — ¢f) wiu; + O (uf, uf) . (125)
This can also be written
corr (G;, G;) = oy (126)
with
a; = /(26 + 452var (9)) (1 - ¢?)us + O (). (127)

2.2.3 Third moments

Three distinct indices (E[G;G;Gr]) We compute the second order expansion of E [G;G;Gr] in u;, uj, ug
about 0:
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Zeroth term:

E1GiGiGk]ly; u, up—o = tanh A tanh A; tanh Ay, (128)
A E(G6,61] = 2EGG] ~ EGIIE GGGl (129)
= 2B tanh A; tanh Ay, (1 — tanh® \) E[Z]|, (130)
;;E (66,95 e 45% (E[G:G;Gx9%] — E[GiG;G4] E [¥7]
+2E [G:G,Gi] E [G:#4) — 2E [G,4] E [gjgm) o (131)
= —84? tanh \; tanh \; tanh Ay, (1 — tanh® \;) E [¢]? wests o (132)
8u?;uj E[G:G; 0k = 2Btanh \; (1 — tanh® \; tanh® \;) 4 48% tanh Ay, (1 — tanh® \; tanh® ;) E [¢?]

Wiy Uk =0

+44% tanh \j, (2tanh® \; tanh® \; — tanh® \; — tanh® \;) E [4)?

Ui, Uj, Ul =0

(133)

We now have the following expansion of the third moment:

E[GiG;Gx] = O (u?, u?, uj) + tanh A; tanh \;j tanh A

+2Btanh \; tanh Ay (1 — tanh® \;) E [¢]

Ui, Uj, Ul =0 Ui

+2Btanh \; tanh Ay, (1 — tanh® \;) E [¢]

;U up=0 Uj

+ 2B tanh A; tanh \; (1 — tanh® \; ) E [¢]

wiyugup=0 Uk

— 4% tanh ), tanh \; tanh Ay (1 — tanh® \;) E[4)? 2

Uij Ug, Uk =0 ui

— 45 tanh \; tanh \; tanh Ay, (1 — tanh® \;) E [4)? 2

Wi U, Ul =0 U

— 4% tanh \; tanh \; tanh Ay, (1 — tanh® A E [¢]? u}

Ui U, ur=0

+ 283 tanh A\ (1 — tanh? )\; tanh? )\j) UsU

+ 4% tanh A\, (1- tanh? \; tanh? M) E [%ﬂu w0 Wil
isUj, =

+ 452 tanh A\, (2 tanh? \; tanh? Aj— tanh? \; — tanh? )\j) E [%]2 Uil

Ui, ,uk =0

+ 2B tanh A; (1 — tanh? )\; tanh? )\k) U; UL

+ 4/3% tanh ), (1- tanh? )\, tanh? i) E [%ﬂu o Wil
isUj, U=

+ 452 tanh A (2 tanh? \; tanh? \;, — tanh? \; — tanh? )\k) E [%]2 WU

Ui, uj,up=0

+ 2B tanh \; (1 — tanh? Aj tanh? )\k) UjU

+4p% tanh \; (1 — tanh® Aj tanh® \g ) E [9°] - ujuy
iy gy -
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2
Ui U g ,uk:O

+ 4% tanh \; (2tanh® \; tanh® A, — tanh® \; — tanh® \;,) E [¥9] UjU (134)

Generalizing the derivation of Supplementary Equation (109), we have

E 9] sy un0 = E[9] - (1 +25 (E [9°] —E[¥] )) (tanh Aju; 4 tanh Aju; 4 tanh Agug) + O (uf, uf, uf)) .

(135)
Substituting this into Supplementary Equation (134) yields
E [G;G,;0x] = tanh \; tanh \; tanh )
+ 2B tanh \; tanh Ay, (1 — tanh® \;) E [¢] u,
+2Btanh \; tanh Ay, (1 — tanh® \;) E [4] u;
+ 2B tanh \; tanh \; (1 — tanh® Ay ) E [4] uy
— 2B tanh \; tanh \; tanh Ag (1 — tanh® \;) (1 + 28E [¢?]) u?
— 2Btanh A; tanh A; tanh A, (1 — tanh® \;) (1 + 28E [9°]) u}
— 2B tanh \; tanh \; tanh Ay (1 — tanh® \y) (1 + 28E [9?]) u}
+2Btanh Ay, (1 — tanh® \;) (1 — tanh® \;) (1 + 28E [9?]) uu;
+2Btanh \; (1 — tanh® \;) (1 — tanh® \x) (1 + 28E [9?]) uyuk
+2Btanh \; (1 — tanh® \;) (1 — tanh® Ag) (1 + 28E [9?]) ujuy
+ O (u},ul,ui) . (136)

Substituting Supplementary Equation (115) yields

E[GiG;Gr] =0 (ul v, u}) + qigsae + ax (1 — 7)) (1 — ¢}) (28 + 48°var (9)) u;u;

+q; (1—¢7) (1—qp) (28 +48%var (9)) wiue + ¢; (1 — q]2) (1—-q7) (28 +4B°var (9)) ujus.
(137)

Notice the nontrivial terms match the expression for the second moment from Supplementary Equation

(125). Thus the third central moment is zero to the second degree in wu:

E[(Gi — @) (95 — 45) (Gr — ar)] = E[GiG;Gk] — G:E [G;Gk] — ¢;E [GiGk] — axE [G:G;] + 24iq; 9k (138)
=0 (u},ul,uj). (139)

79 ]7

For all values of wu;,u;, uy, the distribution of G;,G;, Gy is fully determined by the distribution of ¥_; ; 1,

independent of m (Supplementary Equation (66)). Assuming the higher moments of ¢4_; ;; do not grow
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with m, an assumption we make going forward, we then have
E[(G: — ) (G — ;) (Gx — )] = O (m™*?) . (140)

Two distinct indices (E[GZG;]) Let 4, be distinct indices. Using G2 = 1 and substituting Supplementary

Equation (125) yields

E (G~ a:) (9 - )] = E[026,] - 20.E[6:9,] + *E (9] — ;E [67] + 200, [Gi] — a}a; (141)
= —2¢; (E[G:G;] — 2iq5) (142)
=-2¢; (1—q}) (1—q)) (28 + 48°var (¢4)) wju; + O (u, u?) (143)
=0 (m™). (144)

2.2.4 Fourth moments
Four distinct indices (E[G;G;GrGi]) Let i,7,k, [ be four distinct indices. We again expand E[G;G,G.Gi]
n s, Uj, Uk, Ug.

Zeroth term:

E [GiGiGrGill,, .. uy—o = tanh X tanh A; tanh Ay tanh X, (145)
gIE (GiG;GrGi] =28 tanh \; tanh Ay tanh \; (1 — tanh® ;) E 2 (146)
Uq U yenns u;=0
2
%E GiG,;GkGl) = — 86% tanh \; tanh \; tanh \; tanh \, (1 — tanh® \,) E[9], (. (147)
i Ujyene sty =0
2
2 g (GiG,;G:Gl] =2/ tanh A, tanh \; (1 — tanh® \; tanh® \;)
Guiauj Wiy uy =0

+45% tanh Ay tanh A, (1 — tanh? A, tanh® \;) E [¢°]

+ 46? tanh A tanh ), (2tanh® \; tanh? \; — tanh® \; — tanh? \;) E [¢]?

We now have the following expansion of the fourth moment:

E[GiG;GrGi]) = O (u f’,ui’,uk,ul) + tanh A; tanh \; tanh Ay tanh A,

+ 2B tanh \; tanh A tanh \; (1 — tanh® \;) E [¢]

Uiyeony, ;=0 Usi

uu SUL= 0

+ 2B tanh \; tanh A tanh \; (1 — tanh® \;

+ 2@ tanh A; tanh A; tanh ),

Uz, u=0 Uk

i) E
1 — tanh? /\k)
)E

+ 25 tanh A; tanh A; tanh Ay, (1 — tanh? )\,
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— 4% tanh )\, tanh Aj tanh Ay tanh )\ (1 — tanh? \ ) E[¥ u“ =0 f

— 442 tanh )\, tanh Aj tanh Ay tanh ), (1 — tanh? A ) E9],, . w=0 u?

— 442 tanh )\, tanh Aj tanh Ay tanh A, (1 — tanh? A ) E ¢ =0 uz

— 42 tanh )\, tanh Aj tanh Ay tanh A (1 — tanh? )\l) E¥ =0 ulQ

+ 2B tanh A, tanh \; (1 — tanh® \; tanh® \;) w;u;

+ 462 tanh \j, tanh \; (1 — tanh? \; tanh? \ ) [g2]u oy Uilhj

+ 462 tanh \j, tanh )\, (2 tanh? \, tanh? Aj— tanh? \; — tanh? )\j) E [‘%ii,m,mzo Uil

+ 2[ tanh A; tanh A (1 — tanh? \; tanh? )\k) U U

+ 4% tanh Ajtanh )\ (1 — tanh? )\, tanh? )\k) E [{42] Ui U

Ui yeony =0

+ 4% tanh Ajtanh )\ (2 tanh? \; tanh? \;, — tanh? \; — tanh® )\k) E [%}i“_,ul:o WU,
+ 2B tanh \; tanh Ay (1 — tanh® \; tanh® \) w;y

+ 442 tanh Aj tanh Ay (1 — tanh? )\, tanh? /\l) E [gQ]ui,m,ul:O w;Uy

+ 442 tanh Aj tanh Ay (2 tanh? \; tanh? \; — tanh? \; — tanh? )\l) E [g]iulzo UUy

+ 28 tanh \; tanh \; (1 — tanh? Aj tanh? )\k) UjUp

+ 432 tanh )\, tanh \; (1 — tanh? Aj tanh? )\k) E [g2]u g0 UGk

+44% tanh A; tanh \; (2tanh® \; tanh® \; — tanh® \; — tanh® \,) E (9], o ujuy,
+ 2B tanh \; tanh Ag, (1 — tanh® \; tanh® \;) uju;

+ 462 tanh \; tanh )\, (1 — tanh? Aj tanh? /\l) E [g2]u =0 Ut

+ 4/ tanh \; tanh \;, (2tanh? \; tanh® \; — tanh® \; — tanh® X)) E (4]
+ 25 tanh A; tanh A (1 — tanh? \j, tanh? )\l) UR Uy

+ 4% tanh )\, tanh Aj (1 — tanh? \ tanh? )\l) E [%2] Up Uy

Ui yeen, =0

+ 442 tanh \; tanh \; (2 tanh? Ay tanh? \; — tanh? A\ — tanh® \;) E (4]

Ui yery, ;=0

Generalizing the derivation of Supplementary Equation (109), we have

E [¥] _o =0 (v, v}, uj,ui) + E[¥]

Wi yeen, U= 1270

- (1 +28 (E (4% - E [g]Q)) (tanh A;u; + tanh Aju; + tanh Agug + tanh Awg) . (150)
Substituting this into Supplementary Equation (149) yields

E[GiG;G1G] = O (u},u?, u,u}) + tanh A; tanh A; tanh Ay, tanh X,

27 70

+ 2f tanh A; tanh Ay, tanh \; (1 — tanh? )\i) E [4] u;
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+ 2B tanh \; tanh Ay tanh A (1 — tanh® \;)

E [9] u;

+ 2f tanh A; tanh A; tanh ) (1 — tanh? )\k) E [4] ug

+ 2f tanh A; tanh \; tanh A (1 — tanh? )\l) E [4] w

— 2fBtanh \; tanh \; tanh A, tanh \; (1 — tanh® \;) (1 + 28E [¢?]
— 2Btanh \; tanh \; tanh A tanh \; (1 — tanh® \

Ag) (
— 2B tanh \; tanh A; tanh Ay tanh A; (1 — tanh® A (

U
1+ 24E [¢?]

1+ 28E [9°]) ui

— 2B tanh \; tanh \; tanh A tanh A; (1 — tanh® ;) (1 + 28E [9?]) u}
+ 28 tanh Ay, tanh \; (1 — tanh® ;) (1 — tanh® \;) (1 + 28E [9?]) usu;
+2Btanh \; tanh \; (1 — tanh® \;) (1 — tanh® \y) (1 + 28E [9?]) usuy,
+2Btanh \; tanh A (1 — tanh®);) (1 — tanh® ;) (1 + 28E [9?]) usu
+ 2B tanh \; tanh \; (1 — tanh® A;) (1 — tanh® \y.) (1 + 28E [9?]) ujuk
+ 2B tanh \; tanh Ay (1 — tanh® \;) (1 —tanh® X)) (1 + 28E [9?]) ujw
+ 2B tanh \; tanh \; (1 — tanh® \y) (1 — tanh® ) (1 + 28E [9?]) wew (151)
Substituting Supplementary Equation (115) yields
E[GiG;GrG)] = O (uf, ul, u}, u) + ¢igiana
+28aqkq (1 - ¢7) (1= ;) (1 +2Bvar (9%)) wiu,
+28q;q (1—¢q7) (1 —qz) (1+2Bvar (97)) usuy,
+2Bqiqe (1—¢7) (1 —q7) (1+ 2Bvar (97)) uaw
+28qiq (1—¢2) (1 — qi) (1+ 2Bvar (4°)) ujup
+28giqr (1 - ;) (1 — a7) (1+26var (9°)) uju
+28450; (1~ a) (1 — af) (1 +2Bvar (4°)) ugur. (152)

As with the third moment, the nontrivial terms here match the expression for the second moment from

Supplementary Equation (125). Together with Supplementary Equation (139), this implies the fourth central

moment is zero to second degree in u:

E[(G: —a) (G; —

;) (Gr — ar) (G — @) =E

G:G;G:G1] — GE[(G; —
—aE (9 —4) (95 — 4j) (G — @)l — 4B [(Gi — @) (G5 — a5) (G — ax)]
E [GkGi] — ¢i9kE [G;G1] — ¢:qiE [GrG;] — ¢;axE [G:iGi] — ¢, E [G:Gk]

(153)

— 4igj

— wqE[G:G;] + 5qi9; k@
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=0 (u},u, ui,u}) =0 (m_3/2) . (154)

Mixed fourth moments Here we consider central fourth moments with repeated indices. These reduce

to lower-order moments using G = 1.

Let 4,7,k be any three distinct indices. Simplifying and then substituting Supplementary Equations (125)
and (137) yields

E [(gi —4)2 (G — 4;) (Gr — Qk)] =E [G?G;Gr] — 24:E [G:G;Gk] + ¢’E [G;G1] — ¢;E [G}Gx]

+2¢,4;E [G:Gr] — aE [G7G;] + 20:akE [G:G;] + ¢;axE [G]] — 3a]q;an

(155)
= (1 — q?) (1 — qf) (1 - q,%) (2,8 + 43%var (54)) ujug + O (ul, ?,uz)
(156)
=0 (m™). (157)
Now consider (G; — ¢;)* (G; —gj):
E|(Gi—a)’ (G - (Ij)] =E[G}G;] - 3¢:E[G7G;] + 3¢7E[G:G,] — ¢/E [G;]
- ¢E[GP] +3a:4;E [G7] - 3¢}, E[G] + ¢} (158)
= (1+3q7) (B[9:9)] - 9:4;) (159)
= (1—-a) (1 - g7) (1+3q) (28 + 48%var (4)) wsu; + O (uf, uj) (160)
=0(m™). (161)
Last, consider (G; — ¢;)° (G; — qj)2:
E |G~ )" (G~ 0;)°| =B[076] - 20,E [626,] + (B [G7] ~ 20 [G:67]]
+4¢:q;E[G:G)] - 2:4;E [Gi] + ¢iE [G7] — 207, E [G)] + ¢} (162)
=(1-4?) (1 —a}) +4q4; (E[G:iG)] - qig;) (163)
= (1 — qf) (1 — qu) + 4qq; (1 — qf) (1 — qu) (25 + 43%var (%)) uu; + O ( uy, ;’)
(164)
Therefore the corresponding standardized moment is bound as
g |G =) (G q;) — 1+ 4q,q; (28 + 48%var (%)) wyu; + O (ud,u?) (165)

1_(11'2 1_‘]]‘
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=1+0(m™). (166)

2.3 The limiting spectral distribution of covariance matrices for a class of ran-

dom matrices with dependent entries

Here we establish the limiting spectral distribution for a class of random matrices with dependent entries to
which our matrix of standardized genotypes Z belongs. For simplicity, we will assume that the equilibrium
covariances among all causal variants is constant, though our results are readily extended to the general case

where E[{n~'Z7Z};;] = O(1/m) for all i,j # i.

2.3.1 Introduction and primary result

For an n x n Hermitian matrix A, we let A;(A4),...,A\,(4) € R denote the eigenvalues of A. The empirical

spectral distribution (ESD) F4 of A is defined as
1
FA(x) ::E\{lgign:)\i(A)SxH, (167)

where | E| denotes the cardinality of the finite set E. The Maréenko-Pastur distribution FMP with parameter

7 > 0 is the probability distribution function with density

fivlp(a:) _ 27r1m b—2)(x—a), fa<xz<b, (168)

0, otherwise,
and a point mass 1 — 1/7 at the origin if 7 > 1, where a := (1 — /7)? and b := (1 + /7)%
Let z € RP be a random vector. We let Z be an n X p matrix whose rows are independent and identically
distributed (iid) copies of z. We will be interested in the eigenvalues of }%ZZT. We view n as a large
asymptotic parameter tending to infinity; p and m will be two additional parameters which we assume tend

to infinity with n. Asymptotic notation (such as O, o) will be used under the assumption that n, m,p — oco.

For the model under consideration, we make the following assumptions regarding the random vector z. The

random vector z has mean zero and covariance matrix

pY 0
= , (169)
0 I
where ¥/ is an m X m matrix with entries
2(m), if i+,
S p(m) #J (170)

14+ p(m), ifi=j.
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Here I,, denotes the n x n identity matrix. Additionally, we assume p(m) = O(1/m). We also assume the

following about the entries of z = (z;)}_;:

1. There exists a constant x > 0 so that sup; ;< [2;| < & with probability 1.
2. E[2725] = 1+ o(1) uniformly for all distinct i, ;.
3. E[z}z;] = o(1) uniformly for all distinct 4, j.

4. One has
o(m),  if{ig k0] =4,

Elzizjzkz1] = (171)
’ o(im) if [{i, 4.k, 1}] = 3,

uniformly in 4, j, k, [.

Theorem 1. Suppose % — 7€ (0,00) as n — 0o and m > cp for some constant ¢ > 0. Then, under the

IZZT

assumptions above, the ESD F'» of %ZZT converges almost surely to the Marcenko—Pastur distribution

FMP a5 n — oo.

The remainder of this section is devoted to the proof of Theorem 1. Throughout, we assume m, n, p, z, and

Z satisfy the assumptions of Theorem 1.

2.3.2 Notation and overview

I,, denotes the n x n identity matrix. Often we will simply write I when the size can be deduced from context.
For a matrix A, we let || A|| denote the spectral (operator) norm of A and ||A||2 denote the Hilbert—Schmidt
(Frobenius) norm of A defined by

1All2 := V/tr (AA*) = v/t (A% A), (172)

where A* denotes the conjugate transpose of A. We will exploit the fact that the spectral norm of A is an

upper bound for the spectral norm of any sub-matrix of A.

For « € CT := {w € C: Im(w) > 0}, we define the resolvent of %ZZT as

R(a) = (;ZZT - a[)_l : (173)

Z®) is the (n — 1) x p matrix constructed from Z by removing the k-th row. Let R®*) be the resolvent of
%Z(’“)Z(k)T, ie.,

-1
R®(q) := <1Z<k>z<k>T - aI> , acCh. (174)
p
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Define s,, to be the Stieltjes transform of the ESD F#ZZ" 1n other words,
1 +
Sn(a) :== ﬁtrR(oz)7 aeCr. (175)

We let s be the Stieltjes transform of FMP. From Chapter 3 of Bai and Silverstein” it follows that s satisfies

the equation

s(a) = !

= + 1
1l—a—7—71as(a)’ acCh (176)

We prove Theorem 1 by showing that s, converges to s as n tends to infinity. This is a standard proof method
in random matrix theory (see e.g. Bai and Siliverstein’ for details). However, the dependence between the
entries introduces new difficulties in establishing this convergence. The main technical advance in this work

involves dealing with the dependence amongst the entries.

In Section 2.3.3 we present the main tools from linear algebra and probability theory that are required for the
proof. A concentration inequality is presented in Section 2.3.4 which allows us to pass between the Stieltjes
transform and its expected value. Section 2.3.5 contains a version of the Hanson—Wright inequality for the
rows of Z; this section is the main technical tool for dealing with the dependence amongst the entries. We

finally complete the proof of Theorem 1 in Section 2.3.6

2.3.3 Tools from probability theory and linear algebra

We begin by introducing some tools from probability theory and linear algebra.

Lemma 2. For any a € CT and any 1 <k <mn,

r O[—I'(k)Oé .
tr (o) — e R (o) < s

(177)

Proof. This follows from equation (A.1.12) in Bai and Silverstein’. O

Lemma 3. If i is a probability measure supported on [0,00) and s, is its Stieltjes transform defined by

sula) := /000 ! du(x), aeCt, (178)

r—«

then |s,(a)] < ﬁ(a) and

Ims,(a) >0, Im(as,(a)) >0 (179)

for alla e CT.
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Proof. The first bound follows from the triangle inequality:

sl < [T o) < [T o) = (150)

For the other bounds, since

spla) = [ 2 duta), (181)

it follows that Ims, («) > 0. Similarly,

Im(as,()) = Im(a) /0 h @) >0, (182)

which completes the proof. O

Lemma 4 (Stability). Suppose i is a probability measure supported on [0, 00) and s,, is its Stieltjes transform

defined in Supplementary Equation (178). If

1
_ 183
su(@) 1—0(—7—7'ozs‘u(oz)+€ (183)
for some oo € CT, some € € C, and some T > 0, then
lel
su(e) = $(@)] < L1~ @ = 7 — ras, ()] (184)

where s is the Stieltjes transform of the Marcenko—Pastur distribution function F;V[P (see Supplementary

Equation (176)).

Proof. Using Supplementary Equations (176) and (183), we have
- Tozsi(oz) +su(a)l—a—-7)—1l=c(l—a—7—Tas,()) (185)

and

—ras?(a)+s(a)(1—a—7)—1=0. (186)

Subtracting the two equations gives
Isp (o) — s(a)|| — Ta(su(e) + s(a) +1—a—T1| =[]l —a—T7 —Tas,(a)|. (187)
In view of Lemma 3,

| —Ta(su(a) +s(a) + 1 —a—7] > rIm(a(s,(a) + s())) + Im(a) > Im(ar), (188)
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and the conclusion follows. O

Throughout the proof, we will utilize the resolvent identity:
A ' —B'=A"YB-AB, (189)

which holds for invertible matrices A and B. We will also use the bound

1

I(A—an™ < s

(190)

which follows from the spectral theorem and holds for any Hermitian matrix A and any oo € C*t. We will

also need the following bound.

Lemma 5. Let A be an n X p matriz. Then

A*(AA* —al) A= (A"A—al)tA*A (191)
for all a € CT. In addition,
1A% (AA* — oD 1Al <14+ 221 (192)
Ima
for alla € CT.
Proof. For |a| > || AA*| the Neumann series for the resolvent (AA* — al)~! gives
. (AA*)F
(AA* —al) ™! = ——I Z ak+1 : (193)
It follows that
_ A*A N (A*A)RARA _
* * 1 _ o * 1 g%
AY(AA" —aD) A = —— —kz S = (AA—anTATA. (194)
=1

This establishes Supplementary Equation (191) for « € C* with |a| > ||AA*||. The identity can be extended
to all of CT by analytic continuation since the entries of the resolvent are analytic in C*. Alternatively,

Supplementary Equation (191) can be derived using the singular value decomposition for A.

The bound in Supplementary Equation (192) can be established using Supplementary Equation (191). In-
deed, by Supplementary Equation (191)

A*(AA* —al) A= (A*A—al) ' A*A (195)
= (A*A—al) Y (A*A — ol + o) (196)
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=T+a(A*A—al)™ " (197)

We conclude that

AT (AA* —al) A <1+ —— 198

AT (44" D)7 ) < 1k (198)

by the triangle inequality and Supplementary Equation (190). O
We will also take advantage of the bound

tr (4)] < rank (A)]1A], (199)

which holds for any square matrix A and follows from Corollary (A.12) in Bai and Silverstein'.

2.3.4 Concentration

Recall the Stieltjes transform s,, defined in Supplementary Equation (175). The following results show that

the Stieltjes transform s, concentrates around its expected value E[s,].

Lemma 6. For any o € C* and any t > 0,
P(|s,(a) — E[sp(a)]| > t) < Cexp (—ent?(Ima)?) (200)

where C,c > 0 are absolute constants.

Proof. Let Z*) be formed from the matrix Z by replacing the k-th row with zeros. Let R*) be the resolvent
of Z® ZMT defined by

. P —1

RW(a) := (Z(’“)Z(’“)T - aI) ., aeccCT . (201)

Then for any 1 < k < n,
tr R(a) — tr B® (a)’ < ’trR(a) _— R(k)(a)‘ n ’tr R® (@) — tr B® ()] . (202)

The first term on the right-hand side can be bounded using Lemma 2. The second term can be controlled
using the fact that Z(*) Z(F)T and Z®) Z(BT have the same eigenvalues except Z® Z(MT has one additional

zero eigenvalue. In other words,

~ 1 1
®) (o) — (k) — |- < 2
tr R (a) —tr R (oz)‘ a| = @) (203)
We conclude that
~ 2
10 ‘ <
tr R(a) — tr R\ (a)| < Tm(a) (204)



for any 1 < k < n. Now since tr R(«) is a function of the independent random vectors z1, . . ., z,, McDiarmid’s

inequality (see” or Theorem 2.1.10 in”) implies that
t2
P(|tr R(e) — Etr R(a)| > t) < C'exp (—c(Imoz)2n> (205)

for any t > 0, where C, ¢ > 0 are absolute constants. The claim now follows by rescaling. O

Lemma 7. Define the domain

S = {aE(CJr:lzIm( ) > Olg/z,—ngRe(a)gn}. (206)
One has
P (sup |sn () — E[sp(a)]]| > 2n_1/4> < Cexp (—clog2 n), (207)
acsS

where C, ¢ > 0 are absolute constants.

We will utilize an e-net in order to prove Lemma 7.5

Definition (Nets). Let X be a subset of C and € > 0. A subset N/ of X is called an e-net of X if every

point z € X can be approximated within € by some point y € N, i.e. so that |z —y| < e.

Proof of Lemma 7. By Lemma 6,

sup P <|sn(a) —E[sn()]] > n*1/4) < Cexp (—c log’n) , (208)
aeS

where C’,¢’ > 0 are absolute constants. The goal is to extend this bound to simultaneously hold for all
a € S. We will use a net to do so. Let A be a n~!-net of S. A simple volume argument (see for instance'")
shows that A/ can be chosen so that

IN| < Con®o (209)

for an absolute constant Cy > 0. By the union bound and Supplementary Equation (208), we find

P (sup |sn (o) — E[sp()]| > n_1/4> < Cexp(—clog®n), (210)
aeEN

where C, ¢ > 0 are absolute constants.

We now wish to extend this bound from N to S. To this end, suppose there exists o € S so that |s,(a) —
Esn(a)| > 2n~1/%. Then there exists o/ € N such that |o — /| < . Thus, by the resolvent identity in

Supplementary Equation (189), Supplementary Equation (199), and Supplementary Equation (190), we have

%U Rla) - %tm(af) < |a — /|| R(a)]| | R(a)]

o — o]

= Im(a)Im(a/)’ (211)
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The same bound holds for the expected value (by the same argument) and so we deduce that

\/;.ﬁ la —aof| < n~ V4 (212)

(80 () = E[sn(a))] = (sn(a’) = E[sn(a'))]| < 21
og'n

for n sufficiently large since |a — o'| < n™1.

Here we bounded the imaginary parts of a and o' from
below by n~'/*logn using the definition of the set S. Since |s,(a) — Es,(a)| > 2n~/4, it follows that

|5, (o) — Es,(a’)] > n~'/%. Summarizing, we have shown that

P (sup |sn () — E[sp(a)]| > 2n_1/4> <P (sup [sn () — E[sp(a)]| > n_1/4) . (213)
aEeS aeN
Thus, the claim follows from Supplementary Equation (210). O

2.3.5 Hanson—Wright inequality

Recall that z is a random vector in RP with mean zero, and the rows of Z are iid copies of z. In addition,
is the covariance matrix of z. The Hanson—Wright inequality is a concentration inequality which shows that
the quadratic form 27 Az concentrates around its expected value, where A here is an arbitrary deterministic
p X p matrix. If the entries of z were independent, the bound would follow from more classical results
such as' '“. In the model under consideration the entries of z are dependent, and this dependence requires

different techniques to deal with the quadratic form 27 Az. We begin first with its expected value.

Lemma 8. For a deterministic p X p matriz A,
1 .7 1 1 _y
;E[z Az] = ];tr (AY) = ];tr (A) + O(m™"||A]))- (214)

Proof. We denote z = (z;)!_;. Then

p p
E[z"Az] = Y AjE[zizj] = > AyZy = tr (AXT) = tr (AX). (215)
i,j=1 i,j=1

This establishes the first equality in Supplementary Equation (214).

We now turn to the second equality in Supplementary Equation (214). Recall that

> 0
0 Lpm

Y= : (216)

where 3 is the m x m matrix defined in Supplementary Equation (170). We similarly decompose A in block
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form as

where A7 is m x m and Ay is (p — m) x (p —m). Then tr (AX) = tr (A1%') + tr (A4). We rewrite ¥/ =
2u(m)J + (1 — p(m))I, where J is the all-ones matrix. So, we obtain

tr (A1X) = (1 — p(m))tr (A1) + 2p(m)tr (A J). (218)

Since J is rank one, we can use Supplemental Equation (199) to bound |tr (A1 J)| < ||A1[[||J]] < ||AllllJ]]- A

simple computation shows that || J|| = m, and using u(m) = O(m~!), we conclude that
1 1 .
Etr (A1X) = ];tr (A1) + O(m™ || A])), (219)

where we used that m < p. Putting these bounds together yields

1 1 1 1
—tr (AX) = —tr (A1) + —tr (Ag) + O(m ™| A]|) = =tr (A) + O(m™||A]), (220)
p p p p

which completes the proof. O

Our main concentration bound is the following.
Lemma 9. For a deterministic p x p complex symmetric matriz A with | A|| = O(1),

1

1
E|=2TAz — ZE[zT Azl = o(1). 221
\p LE[" Adl| = of1) (221)

Proof. By the Cauchy—Schwarz inequality, it suffices to show that

1zTAz - 1]E[ZTAZ] i = o(1). (222)

i
p p

Identifying the left-hand side as the variance of %ZTAZ and applying Lemma 8, it suffices to show that

2 2

! +o(1). (223)

E|=2TAz

e

We expand the left-hand side as

1 <& -
:7 Z AijAklE[ZiZjZkzl], (224)

i,5.k,l=1
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where we have denoted z = (z;)}_;. Decompose the sum as

P
Z AijTME[ZiZjZkZ[] =51+ S5+ S5+ 54, (225)
ik l=1

where

1 N
ST = E Z AijAklE[ZiZjZkZl] (226)

and the sum is over all 1 <14, j,k,1 < p such that |{4, j, k,I}| = r.

We will show that S contains the main contribution and the remaining terms S,., » # 2 can be appropriately
bounded. We begin by bounding S3 and Sy together. Let A be a p? x p? matrix, indexed by {(i,7) : 1 <

i,7 < p} and defined by

Elzizjzrz]  if {7, 4, k, 1} > 3,
A(i)' o = (227)
2l otherwise.

Then

1 < _
S3+ 81 =— Z Aij AN gy k) (228)
id k=1

can be identified as a quadratic form in the matrix A. Thus, we can bound (see for instance”)
1 2
S5+ S4| < FHA”zHAHz (229)
Trivially, by Supplemental Equation (199), we have the bound
1 2 2
—|lAllz < [|A]* (230)
p
Additionally, by assumption (4) and the fact that m > ¢p,

1 1
= |AZ == Z |E[zi2j 262> = o(1). (231)
p ikl >3

Thus, we conclude that |S3 + S4| = o(1).

For 57, we easily bound
p

15, < piz |A”|2<—||AH2 o(1) (232)

using assumption 1 on page 27.

It remains to control the terms from So. When ¢ = j and k =1 # 4, the sum in Ss gives (using assumption

2 on page 27)

2
I% S Ay AR 2y 5] = <1tr (A)) +o(1), (233)

p
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which is the main contribution. Thus, we need to show that the other terms in S5 give negligible contribution.

1 2
Sy — (tI‘ A>
p

by assumptions 2 and 3 on page 27. Here C' > 0 is a constant. Using Supplemental Equation (230), we

Indeed, we have

1
< OPHAH% +0o(1) (234)

conclude that

1 2
Sy — <tr A> =o(1), (235)
p
and the proof is complete. O
2.3.6 Proof of Theorem 1
We are now in a position to complete the proof of Theorem 1. We let z1, ..., z, denote the rows of Z (which

are iid copies of z). Set 7, := % and recall that 7, — 7 € (0, 00).

By the Schur complement formula (see for instance’, it follows that

1
sn(a) = Etr R(a) (236)
1< 1 a
= = — 237
0 2 T —a = L5 20T RO (@) 20T ; o’ (237)
where
1 1
ar = —zp2f —a— —szZ(k)TR(k) (a)Z®)F. (238)
p p
Moreover, it follows (see for example page 472 of") that
|ak| > Im(a). (239)
So far we have considered arbitrary o € C*, but we now restrict ourselves to
a€Q:={weCt:Re(w)=0,1/2 < Im(w) < 1}. (240)
We have, for any o € Q,
I~ 1 1O
Es,(a) — = <= E|— (241)
n &= Elag]| ~ n kZ:l k]
n
k=1
< 4E [|ay — E[aq][], (243)



where we used Supplemental Equation (239) and the fact that Im(«) > 1/2 for any a € Q. In the last

inequality we also used that the random variables a; are identically distributed since the rows of Z are iid.

Letting
1
A=1—=70"RW(4)ZzD), (244)
p
we note that
1 1
ay — Elaq] = EzlAz? - EIE[zlAz{] (245)

By Supplemental Equation (192), ||A|| < 3 for all @ € Q. In addition, A is independent of z;. Let E;[]

denote the expectation with respect to only the first row z;. Our goal is to now show that
Eflar — Ela1][] = o(1) (246)

uniformly for a € Q. Indeed, using the triangle inequality and Lemma 9 (by conditioning on the matrix A),

we see that
Efla1 — E[a]]] < Eflar — Eq[a1][] + E [[E1]a1] — E[a1]]] = o(1) + E[[E1[a1] — Elas]|] (247)
uniformly for a € Q. To bound the second term we note that
E [|E1[a1] — Elai]]] = E H;trA _E [;tr A] H +o(1) (248)

due to Lemma 8 and Fubini’s theorem. By the cyclic property of the trace

Itr A — Eftr A]| = |a||tr RD(a) — E[tr RO (a)]‘ (249)
since
1 T 1 T
“RWzWZzMT = g (270707 _ar+al ) =T+ aRW. (250)
p p
So by Lemmas 2 and 7, we see that
E[|E1[a1] — E[a1][] < 7aE [[sn(a) = E[sp(a)]]] + o(1) = o(1) (251)

uniformly for o € Q). Putting together the bounds from above, we obtain (246).

Combining Supplemental Equation (246) with Supplemental Equation (243), we conclude that

Efsn()] — =3 ——| = o(1) (252)
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uniformly for @ € Q. Here we have again exploited the fact that the random variables a; are identically

distributed.

In view of Lemma 8 and Fubini’s theorem,
1 T 1
—E[z14z2 | = EE[H Al +0o(1) (253)
p

=

uniformly for a € Q. Using Lemma 2, the cyclic property of the trace, and Supplemental Equation (250),

we obtain
1 1 1 0T
JElA]] =1 E tr RV(a) 20207 | 4 o(1) (254)
:1—%—%mumwmn+qu (255)
:1_M_%Em3@n+dn (256)
=1—7, — arE[s,(a)] + o(1) (257)

uniformly for e € Q. Thus, since 7, — T,
Ela1] =1 —a—7— atE[s,(a)] + o(1) (258)
uniformly for @ € Q. Returning to Supplemental Equation (252), we can express the Stieltjes transform of

the empirical spectral measure as

M%mﬂzEéﬂ+dU:1—a—riwﬂ%@ﬂ+dn (259)

uniformly for a € @, where we used Supplemental Equation (239) and Lemma 3 to remove the o(1) error

term from the denominator.

We are now in a position to apply Lemma 4. Indeed, Lemma 4 gives

sup |E[s, (a)] — s(a)| = o(1). (260)
acQ

Combined with Lemma 7 and the Borel-Cantelli lemma, this implies that

sup |sp (@) — s(a)| — 0 (261)
ac@

almost surely as n — co. Since s, and s are analytic in C* and satisfy |s,(a)| < m and |s(a)| < Iml(a)

(by Lemma 3), Vitali’s convergence theorem (see page 168 in Tao’ or Lemma 2.14 in Bai and Silverstein’)
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implies that almost surely

sn(a) = s(a) (262)

as n — oo for each o € C*. In other words, we have shown that the Stieltjes transform of the ESD of %ZZT
converges almost surely to the Stieltjes transform of FMP. This implies the almost sure convergence of the

ESD by Theroem B.9 in Bai and Silverstein’. The proof of Theorem 1 is complete.

2.4 The limiting spectral distribution of the genetic relatedness matrix

We now demonstrate that the ESD of the GRM m~1ZZT converges almost surely to FMP. All that remains
is to show that the elements of Z conform to the assumptions needed for Theorem 1. We restate those

assumptions here:

1. There exists a constant £ > 0 so that sup;;<,, |2:| < & with probability 1. We note that with a bit of

extra work, this can be generalized to the case where sup; ;<,, |2i| = o(log(m)).

2. E[2725] = 1+ o(1) uniformly for all distinct i, ;.

3. E[z3zj] = o(1) uniformly for all distinct i, j.

4. One has
0(%)’ if‘{i,j,k,l}‘:ll,

Elzizjzrz1] = (263)
’ o(4). ik} =3

uniformly in 4, j, k, [.

First, 1 is ensured by choosing a minor allele frequency cutoff 6 > 0 independent of sample size, as is common

practice. Because each Z = 2-1/2 (G1 + Go) is the sum of two standardized Bernoullis, we then have

sup |2 < \/51;5 (264)
1<i<m 0(1—9)

Thus, setting § = 2(2 + x*)~! ensures sup, <<, | Zi| < &.

2.4.1 From diploid genotypes to haploid genotypes

In what follows we establish that Theorem 1 can be applied directly to the GRM under assortative mating.

For a given collection of diploid sites indexed aq, ..., an, denote

Sa

= sup
{t1,en}

. (265)

1l

N
]
i=1

39



Then |E[Zi23]2¢i]| is a homogeneous fourth degree polynomial bounded by

IE[2727,]| < Sap2 + 281112 + S1jjats (266)
Likewise, we have
E[Z7 24| < Sijs + 38112, (267)
\E[ZEZJ-#Z;C#J]\ < 28112 + 2811115 (268)
\E[2: Zj£i Zri i 210,k < 481111 (269)

Thus, we need simply need to establish equivalent bounds on the moments of haploid genotypes:
1. E[GiG;2iGrzijGii k] = 0 (%),
2. E[G}Gj+iGrtij) = 0 (\/%) )
3. E[G}Gj4i] =0(1),
4 E[G2G2,] = 1+ 0(1),

all which we demonstrated in Section 2.1.

3 Impact of assortative mating on marker-based heritability esti-

mators

3.1 Haseman-Elston regression
Denote the lower triangular components of the phenotypic and genotypic sample covariance matrices as

Y = vec ({O‘y_nyT}i}j;i<j), S=vec({p 22"}, .i<j). (270)
The HE regression heritability is estimator is obtained by regressing ) on to S:

., Cou(),S)

HE = Var(S) (271)

Under exchangeable, loci, the same is true for each of the haploid standardized genotypes at casual variants,
which we denote {Gy %”;1, where 7, = 2*1/2(%1@ + Gok11), k=1,...,m. We assume that all genotypes at

non-causal variants are independent.
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For each allelic effect uy define ¢, = \/Tvk 00 such that each correlation between haploid variants is fik; 0o =

or¢;. The variance/covariance matrix of the standardized diploid genetic effects is thus

E(m 27 Z) = diag{l — 311, + 260" (272)

=TL. (273)

Now consider the element S;; of S corresponding to the average similarity at m diploid loci among the ith

and j** unrelated individuals:
1 m
Sij=— kz_:l ZikZin (274)

Because these individuals are unrelated, Z; , and Z;,; are independent for all k,{ and thus E[S;;] = 0. The

variance is then simply computed as

Var (Sij) =m2 Z Z E [Zi,kzj,kzi,lzj,l] (275)
k=11=1
=m2tr[Y2]. (276)

Turning our attention to V;; and marginalizing over independent error terms, we see that

m
Gy oVij = Y ZinZiiupu, (277)
k=1

has zero expectation. The covariance between );; and S;; is then
Cov(Yij,Sij) = &;gom_luTTgou. (278)

Thus, the expected value of the HE estimator is computed

_ Cou(Y,S)

Elh2.] = 2
m~ T Y2 u ol
= == e 2
o2 _m2tr [1Z)] (03,00 (280)

m-uT Y2 u
=22 hZ. 281
02 o tr[T2] (281)
Note that when Yo, = I, as is expected under random mating, we simply have E[hZy] = h2 = h2; i.e. HE
regression is unbiased under random mating. We can further simplify the above if we assume exchangeable
loci (i.e., for all kI, upu; = m710§70). In this case, define ¢ € (—1,1)™ by ¢p = 7'/%vy := ¢ for all k. We
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can then write Too = D + 2¢¢”, where D = diag{1 — ¢7}7,. We compute u” Y2 u by first noting that

" T2 =u" (D? + 200" D +2D¢0" + 466" 9" Ju

=uT D?u + 4uT ¢ Du + 407 pu” po™ .
Computing the above terms individually yields

u? D*u = 0370(1 —¢%)?,
u p¢" Du = ma;, 4¢*(1 — ¢%),
¢T pu’ ¢¢"u = m?a} 6",

= Cov(Y;j,Sij) =6, gom_las 0 (1 — ¢+ 2m¢2)2 ,

Likewise, we compute the denominator
Var (Si;) =m™" (1 +2¢° + 4mg?) .

Thus, under exchangeable loci,

o (1—¢%+ 2m¢2)
oo (1+2¢% + 4m</>4)

o2
E[hi] = 5
79,00

(282)

(283)

284
285
286

(
(
(
(287

)
)
)
)

(288)

(289)

2
where ¢* = mo? (8ro} ) (\/4rag omlo 2+ (1—7rgee)?—(1— rgm)) . Substituting in panmictic

parameters and takmg the limit as m — oo yields

E }ALQ ~ 0-210 h2 . hgo
[ HE] ~ 9 co 1
Ug,oo —Tg,00

(290)

This gives us a way to estimate the panmictic and equilibrium heritabilities as a function of the HE estimator

when r is known:

. . h2
B2 = E[h2|h?e] = __HE _
0 = Elholham] = 77 2rhdg + r(r — V)il

hZ = E[h% | ] =

We can then employ the delta method to approximate the standard errors:

o [iLQ} ~ se {32 } 1+ rhfyy — r?hi
o] =~ HE R R R 29
(1= r(he — 2 + r2hikg )
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se {hgo] ~ % (294)

3.2 Residual maximum likelihood
3.2.1 Notation and problem statement
Consider the model

y=Xg+ Zu+e,
u =" N(0,02), e "X N(0,02), (295)

)

2

or, equivalently,

(Y| Z) ~ MVYN (X B,02V5),
Vi =5227 + 1, y=02/al. (296)

Above, Z € R™"*P and u € RP are independent of e € R™ and X € R"*¢, 8 € R¢ are deterministic. The
variance components 03, o2, and thus their ratio ¥, are strictly positive. 27T = p=1ZZ7 | the matrix we've
been concerned with, is sub-Gaussian with independent rows and, by our results from Section 2, is such that
its empirical spectral density F22% FMP where 7 = n/p. For simplicity, we assume m = p (all variants
are causal) and Cov(Z y, Z;) = u = O(m=1) for all k # [ (exchangeable loci), though our results will hold
as long as as m/p — ¢ € (0,1] and supy Cov(Z, Z;) = O(m™"). In what follows, 4 will denote true

parameter value, 4 the REML estimator, and v > 0 an arbitrary value.

Let AT : R™ — (col X)* such that ATX =0, ATA = I,,_. and define the following quantities for any value
of v > 0:

e § =1y — X[, the mean-deviated outcome vector
e X, =ATV,A=1, .+ ~vAT ZZT A, the transformed marginal covariance

e (= AT Z , the transformed standardized genotypes

V—l XTv—l

e P, = AZ;lAT, the Schur complement of XTVW_lX in v v
Vv_lX X TVv_lX

_ P.ZZTP P2 _o-7 ( P,ZZTP P2\ . . . N
o« A(y) =027 (tr’EP»yZZ;] — = []37]> y=o0.2y" (trTP,yZZ;] -z [A]) 7, the “stationarity function”.

The REML estimator 4 satisfies .
Ly P 27T Py U_zyTng
© w[PyZ27) ©otr[Py]’

(207)
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or, equivalently, it is the root of the stationarity function A(%) = 0. Choosing 4 such that A(%) = 0 and
2

TP»
‘Zr [FZ ?]J, &3 = 624 yields the variance component estimators that maximize the likelihood of
.10 9

setting 62 =
(ATy|Z) ~ MVN(0,02%5). (298)

Our goal is to demonstrate that 4 5 5 as n,p — oo, n/p — 7. For simplicity, we address the exchangeable
loci case where each uy = :Em_l/gog,() for Kk =1,...,m, though a similar analysis is possible under a random
SNP effect model given the moments of u|Z.

3.2.2 The limiting spectral distribution of (¢ = ATZZT A

From your previous results, we know that the ESD of the n x p matrix Z = p!/2Z is such that FZZ" “§ pMP,
Here we show that the ESD of the (n — ¢) x p matrix ¢ = AT Z, is such that FeCh ey FMP as well. We first

establish some intermediate results.

Lemma 10. Suppose @ is a Hermitian matriz. If each eigenvalue of Q is either 0 or 1, then @Q is an

orthogonal projection.

Proof. By supposition @ is Hermitian, so it suffices to show that Q% = Q. By the spectral theorem, we can

write

Q = UAU*, (299)

where U is a unitary matrix and A is a diagonal matrix whose diagonal entries are the eigenvalues of Q.

This implies that A2 = A since the eigenvalues of Q can only be 0 or 1 by assumption. It follows that
Q? = UANU*UAU* = UAN?U* = Q, (300)

and the proof is complete. O

Lemma 11. Suppose @ is an n X n orthogonal projection matriz. If zero is an eigenvalue of @ with

multiplicity m, then rank (I, — Q) = m.
Proof. By the spectral theorem, we can decompose

Q=UAU", (301)

where U is an n X n unitary matrix and A is an n x n diagonal matrix whose diagonal entries are the

eigenvalues of P (and so must be either 0 or 1). Hence,
I, —Q=U(I, — AU". (302)
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Since U and U™ have full rank, it follows that
rank (I, — Q) = rank (I,, — A). (303)

Since I,, — A is a diagonal Hermitian matrix, it follows that the rank of I,, — A is just the number of nonzero
diagonal entries of I,, — A. In other words, the rank of I, — A is simply the number of diagonal entries of A

that are zero. O

Lemma 12. Let A be an n X m matrix and B an m X n matriz. Then the non-trivial eigenvalues of AB

are the same as the non-trivial eigenvalues of BA (counting algebraic multiplicity).

Proof. The lemma will follow as an application of Sylvester’s determinant identity (also called the Weinstein-

Aronszajn identity): if C' and D are matrices of size n x m and m X n respectively, then
det(l,, + CD) = det(I,, + DC). (304)

This identity can be found on pg. 271 of Pozrikidis

We now use Sylvester’s determinant identity to complete the proof of the lemma. Assume without loss of

generality that n > m. Then, for z # 0,
det(zl,, — AB) = 2" det(I, — 2 'AB) = 2" det([,, — 2~ 'BA) = 2" "™ det(z1,, — BA). (305)

We conclude that AB and BA have the same characteristic polynomials up to a factor of z”~". The factor

n

z"~™ corresponds to the trivial eigenvalues at zero. O

We now return to the problem of determining the limiting spectral distribution of Jasas

Lemma 13. If A is an n x (n — ¢) matriz such that ATA = I,,_., then
|Fp i ATZZTA _ ppTt2Z") < 3C (306)
n

Proof. The eigenvalues of AT A are all one. By Lemma 12, we conclude that AAT has n — c eigenvalues
that are one and c eigenvalues that are zero. It follows from Lemma 10 that P := AAT is an orthogonal

projection matrix (since it is clearly Hermitian).

We now consider the cigenvalues of 1ATZZ" A. By Lemma 12, the eigenvalues of - A" ZZ" A are the same as
the eigenvalues of %AATZ Z7 = %QZ ZT . except the latter matrix has ¢ additional zero eigenvalues. Hence,
it follows that

||Fp’1ATZZTA _ prlpzzT“ < 9& (307)

n
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Since Q@ = Q% = QTQ, by another application of Lemma 12, the eigenvalues of %QZZT are the same as
the eigenvalues of %QZ ZTQT, counting multiplicity (this latter matrix is nicer to work with because it is
Hermitian). In other words,
|FP~ Q22T _ prTQZZTQT) — (308)
To complete the proof, we now apply Theorem A.44 from'’, which yields
- - 1
|FrQZZTQT _ prTi 22T | < Ziank (QZ — Z). (309)
n
By properties of the rank,

rank (QZ — Z) = rank ((Q — I,) Z) < rank (Q — I,,). (310)

Finally, by Lemma 11, we see that rank (Q — I,,) = ¢. Therefore, putting together the previous bounds (and

applying the triangle inequality), we conclude that

PPt ATZZTA _ poTt 22T < 35 (311)
n

Finally, combining Theorem 1 with the above lemma immediately yields F' ¢t ey FMP,

3.2.3 Spectral functions of (¢7

Here we introduce some notation that will simplify future computations. For fixed v,7 > 0, and for non-

negative integers k, [ such that & <, denote the continuous bounded functions

Yk, :[0,00) = [0, 00),

x
Yy 1T — TG (312)
Likewise, define their integrals with respect to the MP-law FMP 7> ( by
Yo = /Wl)dFyP (313)
1 [b
- / ey (@)~ (@ = ar) (br — ) de, (314)

where ar = (1 — \/F)2’ bT = (1 + \/F)2 Note that 0 < \II(kJ) < 0.
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3.2.4 Conditional expectation of the stationarity function

Recall that y = Zu+e, where u is deterministic with u”u = 03’07 maxy, |ug| = am~! for some « independent

of m and e "~ N(0,02), and, additionally, that ¢ = AT Z, P, = AZ;lAT, ATA =1, and 5 = 03)0/03. We

consider the conditional expectation of A(y) given Z:

o7 EilCCTZfCCT_EJQCCT tr[E;lggTZ;l]_tr[Z;Z]
A= ( e ] w ) T\ e ) e (15

s EilCCTZJICCT_EJQCCT T tT[ZW_QCCT]_tr[EJQ]

e K e wy )" T \eEa wm) B0

Write the spectral decomposition (¢T = QAQT, such that X, =QU+ yA)QT, and recall that ulu = 0370.

Under our exchangeable loci assumption, we have

tr[S51¢¢T] tr[E5]

(e [(T4+AA)TIAL +yA)7EA] e [(T+9A)2A tr[252¢CT] (257
tr [X57¢¢7] tr[257] gl
Thus, we can write A(y) exclusively in terms of the true parameter value 4 and spectral functions with

known limits:

(Yoo Yapz Vi) Yoo
E[A(v)|Z] 5 ( 22~ 2 _ 202 ) ). 318
Az =7 Yoy Yo Yoy Yo ) (318)

Let w = 4/v. Using a computer algebra system to compute the above integrals and defining x, =

V2T — 1)2 +29(7 + 1) + 1, the above quantity can be written as

w (‘1’@,2) B q’(m)) N (‘1’<1,2) B q’(oa))
Vi Yo Vi Yo

_ (M(—(ﬁﬂ) |1=V7 [xy 7 (r =) 247 41)

dw(=xy+y7+v+1)?

A [I=V7 [ 41 e ) (A (V) IV [ - )
-1
ot (2 (V1) (30 =22 (V)2 =8) 429 (VIR (60 -8)48(x, -1) ) ) (4X) (319)
C1 + wC:
G ere Gy /Oy = —1, (320)
4x~

where h is strictly monotone in v and h(y) =0 < /vy =1.

Under the more general case, dropping the assumption of exchangeable loci, we can use the following lemma

to demonstrate that E[A(v)|Z] = h(y) with |h(7)] < |h(7)|:

Lemma 14. Let A= AT ¢ R™*™, B= BT > 0. Then

0 < tr[AB] < tr [B]Amax|A]. (321)
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Proof. This is an immediate corollary of Theorem 1 in'”. O
Denote the rank one matrix A = uu” and observe that

2, T 2 2

o2 Au = o *uTuu = o oy 0t = Yu. (322)

Thus o7 is the only non-zero eigenvalue of A and o *tr [AB] < 4tr [B]. All of the matrices in Supplementary

Equation (13) (besides the outer product uu®) are symmetric positive definite, and we have

(323)

mem<%<“x%ﬂff“T_U&%€> (uquﬂ nmfg_
Y

tr [257¢¢T] tr[257] [ 1¢CT] D]

In what follows, we will assume exchangeable loci, though the above inequality can be used to demonstrate
consistency under any set of effects w for which %E[A(’MZ] can be bounded away from zero in some

neighborhood of .
3.2.5 Asymptotic variance of the stationarity function

Split the stationarity functions into two components:

~2yTP ZZTP TR
A(,y): Ue y ’Y~~ 'yy_o'e y ’yy. (324)
tr [P, ZZ7) tr [P

:=LHS(v) :=RHS(v)

Consider the conditional variance of the stationarity function A(y) given Z:

Var(A(y)1Z) =E[A(v)*|Z] - E[A(1)|Z]?

= (E[LHS(7)?|Z] + E[RHS(v)?|Z] — 2E[LHS(y)RHS(7)|Z]) — E[A(7)|Z]. (325)

To compute the above, we make use of the following lemma regarding the products of quadratic forms:

Lemma 15. Let x ~ MVN(0,10?) and let A, B denote symmetric real matrices conformable with x. Then
E[z” Az - 27 Bx] = tr [A]tr [B] + 2tr [AB]. (326)

Proof. This is an immediate corollary of Lemma 2 in Bao and Ullah'°. O

Now, computing the above terms comprising Var(A(y)|Z) individually, we have

I (R s tr[B71¢CTENY [0

”e“< tr [251¢C7] wm#J“*( o [251¢C7] HE#J

(327)
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First noting that

2
- uTz;l<cTE;1ccTu+tr [2;1§<T2;1]
E[LHS(v)|Z]" = o, ( N SRTed (328)
e [CTRIN TR Cun P 4t [T RSP
- adtr [£51¢¢7]
2tr [CTZ;%CTE;lCuuT]tr [Z;%CTE;l]
* 7Eer 25 14CT] | (329
we see that
T T —1 T —1 Tp 55T p. )\ 2
E[LHS(7)2|Z] =0 ‘E {(“ C 2y G0 2, Gute B22 P’Ye> |Z] (330)
tr [P, ZZ7)
(WTTEINCTR  u)? + E (€T Py 227 Pye)?| 2]
B odtr [P, ZZ7)
N +2(uT§TZ;1CCTLIEfCUN)IEE[eTP;YZZTP@dZ] (331)
odtr [P, ZZT]
Ctr [CTESICCTE Cun P 4 tr (251 ¢CTE? + 26 [(B251¢¢TE )
N odtr [£71¢CT]?
2tr (T2 TR Cun e [251¢CCT R (¢
’ 7[5 1CCT? (352
_ 5 2tr[32¢CTEI2CT]
=E[LHS(7)|Z)? + TSV (333)
Similarly, we have that
E[RHS(+)?|2] = E[RHS(1)| 2 + 017 ] (334)
RES()712] = 7 ohtr 55 1]
Further, noting that,
_ (tr [¢T251¢¢T S un] 4 tr [B52¢CT]) (tr[¢TE 2 Cun™] + tr [257])
E[LHS(7)|Z] - E[RHS(7)|Z] = T B e 5T , (335)
we can write
E[LHS(7)RHS(y)|Z] = E[LHS(y)|Z] - E[RHS(7)|Z 2tr 2 1¢c7] 336
[LHS(7)RHS(v)[Z] = E[LHS(7)|Z] - E[RHS(v)| ]+a§tr[2;1ggT]tr[2;1]' (336)
All together, we have
N 5, 2t [(252¢CTR2 T
E[LHS(v)"|Z] =E[LHS(v)|Z]" + i BT (337)
E[RES(1)?|2] ~ERES(y)| 2] + 2] 338
[RHS(v)*|Z] =E| (v)l}+m, (338)
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2tr [54¢¢T]

BILHS(;)RHS ()| 2] <B{LHS()|7] - BRHS()IZ] + oo o (339)
E[A(v)|Z2)? =0 (E[RHS(v)|Z]* + E[LHS(7)|Z]*
—2E[LHS(v)|Z] - E[RHS(7)[Z]) . (340)
Canceling terms, we thus have
1
5,1V ar(A()|2) = E[LHS(v)?| 2] + E[RHS ()| 2] — 2E[LHS(v)RHS()|Z] - E[A(7)|2]*. (341)
e [B2CTE AT e [BY tr [ 4¢C7]
B ERR e Sy T e (342)
We will show that these terms vanish with high probability. First note that
tr [D72¢CTEI2CCT] (n— o) P [B7¢CT R 20T 343
WP (o s o
The trace term in the numerator is a continuous, bounded spectral function of the eigenvalues of ¢¢7:
tr[272¢¢T272CT) =) A, (M) (344)
= (n— o) 2t [B72(CTE2 T = (n— o) (0 — o) M [252¢CTE2¢¢CT) (345)
S (n—c) Wy. (346)

On the other hand, we’ve already seen that (n—c)~ltr [Z;ICCT] 5 V(1 1). Again applying Slutzky’s theorem,

we have o T
tr |27 ¥ v
= Cfl VTEC ]i(nfc)flﬁ = 0,(1). (347)
tr [257¢CT] TR
By a similar argument, we have that
tr(2Y , 1 V(0,9
— B (n—co) == =0,(1), 348
tr [2’71}2 (TL C) \11(20’1) OIJ( ) ( )
tr [L54¢cT LG
[ ¥ CC ] P ( a1 (1,4) :Op(l), (349)

n C _—
tr [25 1 ¢CTtr [85] 1,1y %0,1)

thus yielding Var(A(y)|Z) & 0. Now, applying the conditional form of Chebyshev’s inequality, we have
Ve > 0,
P (|A(y) —E[AM)|Z]| > €| Z) < e7*Var(A(v)2) = 0, (350)

i.e., that A(y) — E[A(7)|Z] & 0. Together with the result of the previous section (|[E[A(Y)|Z]] = h(y) with
h(v) = 0 iff ¥ = %), this implies that 4 = 4.
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Supplementary Figures
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Supplementary Figure 1: B%EML as a function of sample size (n), the total number of SNPs included in

the model (p), and the number of causal variants (m) in synthetic data. We observe convergence of iL%{EML
toward h3 for all values of m/p.
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